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ON MINIMAL HYPERSURFACES WITH
CONSTANT SCALAR CURVATURES IN S$*

SHAOPING CHANG

Introduction

Let M" be a piece of minimally immersed hypersurface in the unit
sphere N ,and £ its second fundamental form. Denote by R and S its
scalar curvature and the square norm of /4, respectively. It is well known
that § = n(n—1)~R from the structure equations of both M” and S"*'.
In 1968, J. Simons [9] observed that if § < n everywhere and either M"
is compact or S is constant, then S € {0, n}. Clearly, M" is contained
in an equatorial sphere if S = 0. And when S = n, M”"~is indeed a
piece of a product of spheres, due to the works of Chern, do Carmo, and
Kobayashi [4] and Lawson [6]. These two kinds of hypersurfaces are the
so-called isoparametric ones of types 1 and 2, respectively.

Definition. A hypersurface of ™ is called isoparametric of type g if
it has g distinct constant principal curvatures of constant multiplicities.

The classification of isoparametric hypersurfaces in spheres is far from
being completed although the study has been very fruitful. An interested
reader is referred to the book of Cecil and Ryan [2]. Here we will only
mention a pioneering work of E. Cartan [1] and leave our pursuit on this
topic in [3].

Theorem [Cartan, 1939). There exist minimal isoparametric hypersur-
faces of type 3 in spheres only in the dimension of 3, 6, 12, and 24. More-
over, it is unique in each of such dimensions up to a rotation on the sphere.

These hypersurfaces will be referred to as Cartan’s minimal hypersur-
Saces.

We are concerned about the following conjecture posed by Chern [11].

Chern Conjecture. For any n > 3, the set R, of all the real numbers
each of which can be realized as the constant scalar curvature of a closed
minimally immersed hypersurface in S™ s discrete.

There have been many works in this regard (e.g. [5], [7], [8], [10]). In
the special case of n = 3, Peng and Terng [7], [8] derived the following
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Theorem [Peng-Terng, 1983]. If M 3 is a closed minimally immersed
hypersurface with constant scalar curvature R < 3 in S*, then either R =3
or R<0.

Moreover, if M 3 in addition has only simple principal curvatures ev-
erywhere, then M 3 is a Cartan’s minimal hypersurface. In particular,
R=0.

Remark. The second statement stated here appears to be slightly
stronger than their original one but follows directly from their proof.

- Recently, De Almeida and Brito [5] exhibited- the following theorem

Theorem [De Almeida-Brito, 1990].- If M? is a closed minimally im-
mersed hypersurface with constant scalar curvature R >0 in S*, then M>
is isoparametric.

In the present paper, we will give an affirmative answer‘to_ Chern con-
jecture when n = 3 by settling the complementary case of the Peng-Terng
theorem. Namely, we will establish

'Main Theorem. If M’ is a piece of minimally immersed hypersurface
with constant scalar curvature R in S* and has multiple prznczpal curva-
tures somewhere, then either R =3, or 6.

Consequently, combining the Main Theorem with the works of Cartan,
Simons, Chern, do Carmo and Kobayashi, and Peng and Terng, we have
the following

Classification Theorem. A closed minimally immersed hypersurface
with constant scalar curvature in S* is either an equatorzal 3-sphere, a
product of spheres, or a Cartan’s minimal hypersurface.

In particular, R, = {0, 3, 6}.

Remark. Note that both our Main Theorem and the uniqueness theo-
rem of Chern, do Carmo, and Kobayashi cited at the beginning are valid
without assuming the compactness of M 3. Our result also establishes the
following conjecture of Robert Bryant in the special case where M 3 has
multiple principal curvatures somewhere.

Bryant Conjecture. A piece of minimally immersed hypersurface of con-
stant scalar curvature in S* is isoparametric.

This conjecture is still open in general for there has been no local version
of the Peng-Terng theorem.

We will first present some terminology and set up notation in §1, and
the proof of the Main Theorem will be given in §2.

Unless otherwise indicated, the summation convention applies through-
out this paper. And we will always use 7, j, k, ..., for indices running
over {1,2,3} and 4,B,C, ..., over {1,2,3,4}; d,, denotes the
Kronecker symbol.
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1. Terminology and notation :

Let M> be a manifold of dimension 3 immersed in a Riemannian
manifold N* of dimension 4. Choose a local orthonormal frame field
{e,} in N* such that, after restriction to M°, the e, ’s are tangent to

M? . Denote the dual coframe by {w,} . Then the structure equatibns. of
N* are given by
doy =0 N, @up+0p,=0,

- _1 =
dw,p =0, cNOcp— 3K, pcp®c A0y, K pcp+ Kyppe =0-

We call K ;. , its contractions K, = K pz-p and K = Kz,
respectively, the curvature tensor, the Ricci curvature tensor and the scalar
curvature of N*.

When N* is the unit sphere s* , it turns out that '

KABCD = 6AC63D - 6AD(SBC’

Next, we restrict all tensors to M 3 . First of al, w, =0 on M 3. Then
wy,; ANw; =dw, =0. By Cartan’s lemma, we can write

0, = h,.jwj , Wwith hij = hﬁ.

Wecall 2 = Ei’j h;;w,@; , the eigenvalues 4; of matrix (4,;),and H =
Yok = XA, respectively, the second fundamental form, the principal

curvatures, and the mean curvature of M 3. And M’ is said to be minimal
if H vanishes identically.
Second, from

do;=w; Ao, W, +w;=0,
= -1
dw;; = oy Ao = 3R;0, Aoy

we find the curvature tensor of M° is

4

Ry = Kijg + hyhyy — byl
Therefore, if M s minimal, its Ricci curvature tensor and scalar cur-

vature are given by, respectively,

Rik=26ik_hijhjk’ R=6'—Sa

where S =37, hizj is the square norm of 4.
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. . 3 .
Given a symmetric 2-tensor T = T, ;0;0; on M’ | we also define its

covariant derivatives, denoted by V7T, V2T and V’T , etc. with compo-

nents T}; ,, Tij, x and Tij,,d o respectively, as follows:
Ty w0 =dT;+ T 0, + T o

Tij,klwl = dTij,k + Tsj,kwsi + Tis,kwsj + Tij,swsk ’

sj?

T kip@ = 4Ty 1+ T @+ Ty @5+ Ty @y + Ty 0, ete.

In the next section, we sometimes also use Vek T, ; to denote T; .k > ©tc.

Example 1. T =3, wlz. , Le, Tij = 51.1. .
Since dél.j =0 and 5sja)si + Jisa)sj =w;+w,;=0, we find

VT=O, i.e.,(sij,k:O, Visjsk'

In general, the resulting tensors are no longer symmetric, and the rules
to switch sub-indices obey the Ricci formulas as follows:

T — T e = TRy + T R iy

Tijokip = Tijoapt = Tij iRy + Tis 4 Rsjip + Ty s Rk »
Tij,klpm - Tij,klmp = Tsj,kIRsipm
+ Tis,kl‘stpm + Tij,sl‘Rskpm + Tij,ks‘Rslpm ’ etc.

Example2. T =h-— h,.ja)ia)j with N*=S*.

For the sake of simplicity, we always omit the comma ( , ) between
indices in this special case.

— — 1

Recall that @, = hjw;, and dw,; = W, A Wg; — 5Kycp@c A @)

Since K, pw.Aw,=0 on M* when N*=15*, we find
d(hija).) =hy 0, Ao,
Therefore,
hijjpw, hw;=(dh; +h o, +hy o ) Ao, =0;

ie., h, ik is symmetric in all the indices. Moreover, in the case that A 3
is minimal, we have
Pijie = Pieijie = P + PoniRonieje + P Romiji
=1, 1(26,,; = By ;) + By (6,0, — 0,65 + hmjhik —hhii)
=3h; — bbby
It follows that

(S) %AS=(3—S)S+ > ke
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We finish the current section by noting the following combination for-

mula

D=6 >+ 43

i j.k i,j.k distinct i=j=k  i=j#k
provided the summand is symmetric in the indices I, j, and k. It will
be applied in the next section whenever we want to compute a summation
explicitly.

2. Proof of the Main Theorem

By virtue of the result of Simons, we only need to show that § =3
if $>3 and M’ has multiple principal curvatures at some point, say,
p € M*. The idea is to investigate the second fundamental form 4 and
its covariant derivatives at p .

Let 4;, i=1,2, 3, be the principal curvature functions of M 3.

Now suppose that at p € M 3 ,

=4 (=4).
By the minimality of M 3
Ay = =24
Thus, we may assume that at p,
A
h)=| 2 :

-2

where 2> = £ > 1 since 3,47 =S.
- We will next study the covariant derivative VA of A at p. From
2 hizj = const.
hijhijk =0, Vk.
It follows that, at p,
Avhye + Aghyy + Aghag = 0.
Note that 4, + Ay, + 445, =0, ¥ k , everywhere; we solve that, at p,
Py = ‘huk s My =0, Vk

Furthermore, since at p, {e,,e,} is a basis of the A-eigenspace of
(h; ;) > We may rotate it if necessary to have

h123(P) =0.
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Recall that hl.jk is symmetric over {i, j, k}, and by (S) in §1

Z hl.zjk =8(S —3) everywhere.
i,k
We compute that at p

Z hl_]k = 6hl23 + Z hm +3 thzk

i,j, k i#k
(hm + hzzz) + 3(h112 + h113 + h221 + hzzs)
=6a+4b,
where a = hl,(p) >0, b =,h2“(p) + hflz(p)
Hence,

6a+4b = S(S - 3).

It therefore suffices to show that a = b = 0. We will achleve this by
studying the higher covariant derivatives of 4.

Let us start with the following

Lemma 1. At the point p,

(1) A, ik 1S symmetric in all the indices except when {i, j, k,l} isa
permutation of either {1,1,3,3} or {2,2,3, 3}. ,
(2) A 311 =hy3 = %(‘H‘b)' 3333 = %‘71 s i3y =0, By 5= 327}’111”113’

iy, and by =Ry Bygy = oy = 4

3323 = 11277113~ 1111 . L
Proof The first assertion simply follows from the Ricci formula

By = i = B i Ry + ARy

= (A= A1+ 2,A) (640, —6,0,), Vi, j kL.

Ukh,ﬂ +h; hUkl =0, V k,!, everywhere from

h

To see (2), we employ &,
zi’ ; h?j = const. By evaluating the above equation at p, we have
Pjichijy + ARy gy + Pogey) = 2hygy] = 0
Now, since ., + Ayyy, + 35, =0, ¥ k, [, everywhere, it reads
34Ny, = by h atp, Vk,I.

ijk"tijl 2
This yields the first 6 equalities by explicitly writing. out all terms on
the right-hand side for all pairs (k,/). And in turn, we find A, =

_h22_11 — P33 = “h'nz.z = Py3p0 = yp -
Finally, by the Ricci formula we compute that

Pyyss = hy3ps =Py + (4 — 43)(1 + 4,45)
W 2 2
= ﬁ(a+b)+3’1(1 -227)

_4a
347
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where in the last equality we use 31(24> — 1) = 5S(S - 3) = L (3a +2b).
Similarly, 4,,;, = —#& follows in the same way, or from £,,;, =
_(h1133 + h3333) .
This proves Lemma 1.
Lemma 2. Af p,

26 »
5 a
where x = A*[3(h 1123+h2213) h1113+h2223] and y = 1 (h1111 +h1112)

(@a+b)rhy, -
Proof. Tt is shown in [7] that

X+2y= +lab—b2—§Sb,

(%) S R =383 =3 0 R0+ A+ A"
i, j,k,l i,j,k
Now at p,
SR A A+ AT =33 L QA+ AT+ Y (34,
i,j,k i#k i
= 3(h 1+ by )N + (7 + o) (30)”
= 36A%b.
Hence,

RHS of (%) = 3S(S — 3)* — 10Sb.
Moreover, since

Z hz]kl - 6}11231 + thl + 3z:hukl

i,j,k i#k
= 6}’1231 + h1111 + h2221 + h3331
3+ hE R h .+ R
+ 3(hy gy + Biis + hygyy + gy + h3syy)
=3(2 h1123 + h1113 + h2213) + 4(h1111 + hmz)
+ h3331 +6(hyy hyyy, + h3311)

Z huk2 1232 + thZ +3 ZhukZ

ij,k ik
= 6h3yy5 + Hy 1+ Fag + oy
3(hly .+ b B+ he . +
+ 3(h 1 + hiysa + Mygpy + Byazy + hagy)
=3(2 h2213 + h1123 + h2223) + 4(h1111 + hmz)
+ h3332 +3(2hy by, + h3311 + h3322) ’
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2 2 2
Z hijk3 = Z hiii3 +3 Z ks
i,j,k i i#k
2 2 2
=Mz + hyps + hisss
2 2 2 3 2 2
+3(h1p3 + Miyas + hagys + Aoz + Bygps + hig3)
2 2 2 2
= 3(Ry 193+ Bypys) + Aypys + Ay
a’ a*  4ab 4q°
+3 — + — + - + —
94 94 94 94
10a” + 12ab

2 2 2 2
= 3(hi1p3 + hapy3) + Mgz + hyps + 012

2 2 2
LHS of (#) = Y by + D higo+ D hijs
ij.k i,j.k i,jk
2 2 2 2
= 12(hy 55 + yp13) + 41y 3+ Byygs)

H

2
+ 8(A 7y, + hyy) + 12k, (@ +0)

Ldab [2(a+b)]2+ 10a” + 12ab
912 34 922
Therefore,
2 2
%x + %y 4280 119?211) 485 3s(s—3)> - 1080,

and the assertion follows since S = 64 and S(S — 3) = 6a + 4b..

Unlike the Peng-Terng theorem, which can be established by studying 4
and its covariant derivatives up to the second order at some distinguished
point, we next have to appeal to vk since nothing can be drawn here,
due to the lack of constraints among the quantities x, ¥, a,and b.

Now, on the one hand, by differentiating ) b =S triply, we get

0, J 7y
Piitisim + BijmPijir + Pijichijim + Bijitijem = 0, Y K, 1, m.
Again, since at p,
Biikiikim = 24P 1kam Ao Pipiim + APy, = —3M 5311
we have
32h331m = BijmPijis + BijiPijim + Pijihigm s atp, Yk, I, m.

It follows that at p,

1
hklmh33k1m = Ihi jkhklmhijlm'
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On the other hand, by differentiating }_, ik hizjk = S(S — 3) twice with
respect to e, , we have
) ,
Z (hijrhijiss +hijps) =0,  everywhere.
ij,k ,
Recall that, at p,

Z h2 X + 10a* + 12ab
ijk3 T 52 2 :

Tk Y A 94

It follows that

1 x | 10a” + 12ab
(o8) (B = Mijpas) = 2 hy Py b o2

7 ik Meim ijlm+17+ Y » atp

Bearing in mind the results in Lemma 1, V4, ;= 0 and
R = (1 +ii1j)(6ik6ﬂ —6i16jk), atp, Vi, j, k,l,
we compute

B Pssije = Pijess) = Pip[V (Bajjs + By Ry + By Ryis))
=V, (B + 2h, iR 3]
= ;i (Paiize = Pyijps + B Rpnasj + 33, Rz )
by (hyshs; = hyihss)
by, (rshyy = hyshis)
- 2hijkhmjve3(hmkhi3 - hm3hik)
S =Ry (2R R syt Shy R )
+ Ry i Py + by e — Ry jichs)

+ R (st — Rjichis = B ibig)
- 2hijkhm j(hmk3hz'3 - hm3hik3)

= Z [2hijkhmij(1 + Aslk)(5m353k = i)

i,j,k,m
+ SRy i P i (1 + A344)(0,,30; — 0,4.0,5)]
2 2,2 LA
+ Zl3lihik3 + 213 k3~ Z il
ik ik i,j.k

+ Z }‘ihizjk - Z Aghjz'kf) - Z}‘;hizm
J.k i,Jj

i,j,k
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2 2,2
- Z 2/13'1jhjk3 + Z 2/13hjk3
Ik J.k

- 22(1 A = S 201+ Ad )R],

i,j,k

- 25(1 +2 /Ik)h 3 Zx x,hm

+Zx oy~ 3 Ajdh ,]k + 3 x3hfjk

i,j,k i,j,k
(1 +42%)(2a) — 2(6a + 4b) + 4A(44b)
— 5(2a) + 10A(24a) + 24(24a) + 42%(2a)
+ 20(44b) + 43%(6a + 4b)
= (724% = 18)a + (404> — 8)°,

Rk Peimiim = Preim Py 1Py 1im + PaoiPogim + 2Py 5P 3pm
+ 2R 3P 3 + 2Py Pystm)
= 1y Py (P i — o)
+ 2Ry 3R = Pri1 ot Praim
+ 2Ry 137 1P 3im — 21 13P1m P05 1m

= Ryl By = Pogny) + P (Byigy = Fagoy)
+ 201 (i = Pygin) + 2Ry g5y s = Pyys)
+ 2h03(Ry 103 = B3]

+ 2hy 5 (R By + ByaoPiaay + 20 5h 010 + 20y 13R513)
—2h

11y gy + Byghyggy + 2050k 515 + 2hy3hy05)
+ 2}’113[}’111}’1113 + iz + 2Ry 150050,
+ hyy3(Byga3 + Ayap)]
2}’113[}’211 1123 F MaxaPazzy + 20150035
: + hyps(Pypay + agpy)]
=2(a+b)(hyyyy — hypyy) +4bhy 5,
= 4hy13 (1 hyags + R tsss)
+ 2a(h1133(+ haysyy + hypss + Pysp))
da+b) . 26 . a+2b

=4ah1111+2(a—b) 31 —4a §+4 T
84’ — 4b*

=4ah,, + 37
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Substituting all the above results to («+) , we have

: : dah 8a>—4b* x  10a’+12ab
722% — 18)a + (404 — 8)b = — 1L 4 4o T
( Ja+( ) A 37 A2 942
That is,
X +4aih,,, = —% - %ab + %bz + 147227 - 18)a + A2(40A% - 8)b.

We are now in a position to conclude the Ma1n Theorem. Recall that from
Lemma 2, at p

2
X+ 203 (h2, + hY ) + 2(a + bk, = 96a2 159 ab— b - —Sb
By eliminating x from the above two equations, we have
() ) s , v
24°(hiyyy +hyi1p) — 2(a — D)ARy,

20 2, 31 2 5 2 2 ‘ 2 2
=S+ b—3b - 25b - (71227 - 18)a - 2°(404” - 8)b.

Since 4> = £ and S(S - 3) = 6a + 4b,

RHS of (1) = 22 2+f; b 3b2 —§(12S—18)a—%(230S 8)b
20 2 31 7,
< F3a +gab- 3 —28(S — 3)a——S(S 3)b
20 2 31 7.2
=34 + = T ab — 3b —2(6a+4b)a——(6a+4b)b
.
S—g(a +b ).

It is clear that
LHS of (1) > ~%(a -b’ > —%(a2 +bY,

which yieldsa = b = 0 as desired and completes the proof of the Main
Theorem.
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